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A Latin square of order n we call doubly diagonal&d if both its diagonals 
consist of n distinct symbols. In this paper a new method to construct such 
squares for any order is given. 
1. INTRODUCTION 
A Latin square of order IZ is a n x II matrix composed of n distinct 
symbols in such a way that each row and column contains all of these 
symbols. A transversal of this square is a collection of n matrix entries, 
which are taken from distinct rows and columns and which include all 
elements of the basic symbol set. A Latin square, in which the main 
diagonal forms a transversal, is said to be diagonalized.. If both the main 
diagonal and the off diagonal are transversals, the Latin square is called 
doubly diagonalized. 
In this paper it is shown that there exists a doubly diagonalized Latin 
square for any order n 3 4. This fact was proved recently by 
A. J. W. Hilton [I] and C. C. Lindner [2], but it seems that their con- 
structions use combinatorial arguments which are too powerful. Our 
elementary proof gives a simple constructing procedure without recursion. 
The author thanks Professor J. Dines, who directed his attention to 
this problem. 
2. ON CONSTRUCTING DIAGONALIZED LATIN SQUARES 
We begin with the following simple statement; 
LEMMA. For any integer n 3 3, there exists a diagonalized Latin square 
of order YE having a transversal, which has no common entry with the main 
diagonal. 
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Proof. In the case of odd n, the cyclic Latin square of order IZ (i.e., the 
multiplication table of the cyclic group of order n) may be formed as a sum 
of n disjoint transversals, one of them being the main diagonal. For 
example, for n = 3, with the symbol set 1, 2, 3: 
If 12 is even and n >, 8, then we shall construct a design, using the cyclic 
Latin square of order n - 3 on the symbols 1,2,..., n - 3 and one of 
order 3 on the symbols n - 2, n - 1, n, in the following form: 
In order to fill in both the empty rectangles let us consider a fixed decom- 
position of the square C,-, into n - 3 disjoint transversals, among them 
the main diagonal of C,-, , and proceed as follows: 
(1) Choose a transversal, but not the main diagonal, from the fixed 
transversal set. 
(2) Project the symbols of this transversal vertically into an empty row 
and horizontally into an empty column of the lower or upper rectangle, 
respectively. 
(3) Change all symbols of the chosen transversal into the symbol n - 2. 
Repeating this procedure for the symbols IZ - 1 and II with two further 
transversals, we obtain a diagonalized Latin square on the symbols 
1, 2,..., it. Since exactly three transversals are replaced in C,-, , and 
(n - 3) - 3 3 2, the constructed Latin square has a transversal besides 
its main diagonal. 
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Finally, for the orders IZ = 4 and n = 6, let us look at the following 
examples: 
12 3 4 
3 4 1 2 I---l 4 3 2 1 2 14 3 
2 3 4 
3 6 1 
1 5 2 
41 6 
54 3 
6 2 5 
REMARKS 
(i) The statement of the lemma for II # 6 follows trivially from the 
existence of a pair of orthogonal Latin squares but the construction shown 
here seems more convenient. 
(ii) The procedure of transversal projection used above appears, for 
example, in [3] and [4]. 
(iii) Of course, instead of the partition n = (n - 3) + 3 any another 
partition n = (n - m) + m may be used, where m is odd and 
3<m<n-m. 
3. CONSTRUCTING DOUBLY DIAGONALIZED LATIN SQUARES 
THEOREM. For any integer n > 4, there exist a doubly diagonalized Latin 
square of order n. 
Proof. (A) Let us consider at first the case in which n = 2k. 
For n = 4, the statement may be verified by the example given in the 
proof of the lemma. We remark that the transversal indicated by under- 
lining does not intersect the main and the off diagonals. (However, it is 
easy to see that any diagonalized Latin square of order 4 is at the same 
time doubly diagonalized.) 
For n > 6, let us consider a Latin square of order k, with symbol set 
1, 2,..., k (we shall denote it by Q) corresponding to the lemma. Let us 
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denote by T1 a transversal in D, not intersecting the main diagonal of D1 . 
Starting from D1 , we construct a square design in the following form: 
k 
I 
k : k 
The square D, will be formed from D, by means of “reflexion,” 
increasing each symbol of D, by k, where the axis of symmetry is the 
vertical center line of the big square design. Thus, D, will be a Latin 
square on the symbols k + 1, k + 2,..., n; its off diagonal forms a trans- 
versal; further, the symmetrical correspondent of T1 , denoted by Ta , is 
a transversal also, having no common position with the off diagonal of Da . 
In the square D3, at first we fill in the main diagonal by the vertical 
projection of T, onto the main diagonal of D3 . After this, the pairing 
of the main diagonal symbols of D, with the symbols setting in the same 
positions of D3 induces a substitution. D3 will be composed by using this 
substitution for all elements of D1 . Then D, is a diagonalized Latin square 
on 1, 2,..., k. The corresponding to Tl entries in D3 form a transversal, T, , 
which does not intersect the main diagonal of D3 . The square D., will be 
filled in analogously; it will be symmetrical to Ds increased by k. 
Finally, we increase by k each symbol of T, and of the main diagonal 
of D, , as well as decrease by k the symbols of T, and the off diagonal 
of D4 . From the construction it follows immediately that we have now 
a doubly diagonalized Latin square with the basic symbols 1,2,..., n. 
We note that this Latin square contains a transversal not intersecting 
the main and the off diagonals, namely, the entries of Tl and T3 (or their 
symmetrical mates) form just such a transversal. 
(B) Now, let n = 2k + 1. If there exists a doubly diagonalized Latin 
square of order 2k which contains a transversal having no common entry 
with the main and off diagonals, then it may be prolongated easily to a 
doubly diagonalized Latin square of order 2k + 1: insert a middle row 
and column into the square by the following figure, project the transversal 
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mentioned above onto them, and, finally, write a (2k + I)-th symbol in 
the transversal entries and in the central entry of the enlarged square: 
E 
k 1 k 
Considering what has been proved in (A), the proof is completed. 
An example of the construction. 
D4 = 
-9 0 6 7 .8- 
. 
8 9 0 6'7 . 
7 8 .9= 0 6 
. 
6.7'8 9 0 
. 
0'6 7 8 9 
(A) n = 2k = 10: 
D, = 
D3 = 
-0 9 8 7 6- - . . 
6 0 9 8'7 . 
7 6 j" 9 8 
. 
8 -7'6 0 9 
. 
9'8 7 6 0 
-3. 2 1 5 4- 
. 
2'1.5 4 3 
1 5 '4. 3 2 
5 4 3 '~2.. 1 
4 3 2 1'5 
The substitution B, D, ( 1 2 3 4 5 + : 3 2 15 > 4' 
The substitution D, D, ( 
6 7 8 9 0 
+ : 8 7 6 0 > 9' 
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The constructed doubly diagonalized Latin square: 
1.7 3 4 5:0 9 8 2.6 . . 
2 '.3..~ 5 1; 6 0 4 -8' 7 
. 
3 4 '5. 6 2 i ‘7 1 -0’ 9 8 
.- . . 
4 5 1 ‘2. 5: 3 -7’ 6 0 9 
. * - 
0 1 2 3 h.:.9’ 8 7 6 5 
D= - .* .‘..........~.*.~.............. 
9 0 6 7.3:8,2 1 5 4 
. 
8 9 0 -1’ 7;2’$ 5 4 3 
. . 
7 8 -4' 0 6 : 1 5 “9, 3 2 
. . 
6 -2' 8 9 0; 5 4 3%. 1 
. . 
5' 6 7 8 9:4 3 2 1"; 
- 
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(B) n = 2k + 1 = 11: Using the square D and the underlined trans- 
versal: 
1 . 3 4 5:'7:0 9 8 2 6 . . 
2 3. 5 1;9;6 0 4 8 7 
3 4 5. 2:'6:7 1 0 9 8 
. . 
4 5 12 .:8:3 7 6 0 9 . . 
. 1 2 3 4;0;9 8 7 6 5 
. . . . . ..a....................... 
0 7 9 6 81.14 2 5 3 1 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
9 0 6 '7 3;2;8 . 1 5 4 
8 9 0 1 7i5.2 6 . 4 3 . . 
7 8 4 0 6:3;1 5 9 . 2 1 5 6 6 2 8 7 8 9 9:4:. Oil:5 . . 4 3 3 210 7 . 
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